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XII. On the Orders and Genera of Ternary Quadratic Forms. By HENRY J. STEPHEN
Surra, M.A., F.R.S., Savilian Professor of Geometry in the University of Oxford.

Received February 21,—Read February 27, 1867.

EISENSTEIN, in a Memoir entitled *“ Neue Theoreme der hoheren Arithmetik”*, has
defined the ordinal and generic characters of ternary quadratic forms of an uneven
determinant; and, in the case of definité forms, has assigned the weight of any given
order or genus. But he has not considered forms of an even determinant, neither has
he given any demonstrations of his results. To supply these omissions, and so far to
complete the work of EISENSTEIN, is the object of the present memoir.

Art. 2. We represent by f the ternary quadratic form

0+ 'R+ 20ys+ 200 a4+ 20"y ; . . . . . . . (1)
we suppose that f'is primitive (. e. that the six integral numbers a, @/, o, b, ¥, ¥’ admit

of no common divisor other than unity), and that its discriminant is different from zero ;
this discriminant, or the determinant of the matrix

a, V',V

Vod, b |, . . . . Q)

[)’, b, o

we represent by D; by Q we denote the greatest common divisor of the minor determi-
nants of the matrix (2); by QF the contravariant of £, or the form

(CZICZ” —_— 62)-%‘2+ (alla_ b!2)y2+ (aa’-— bllz)ZQ
+ 200" —ab)yz+2(0'b—a't e +2(00 — 'V )y ; |
we shall term F the primitive contravariant of f, and we shall write

F=Aa*+Aly+A"2? +2Byz+2Baz+2B"2zy. . . . . . (4)

(3)

If D=AQ? A is an integral number, and the discriminant, contravariant, and primi-
tive contravariant of F are respectively QA% Af, and f. The numbers Q and A are
arithmetical invariants of f; ¢. e. they remain unaltered when f'is transformed by any
substitution of which the determinant is unity and the coefficients integral numbers.
We shall accordingly describe the primitive form f; and the class of forms containing f,
as a form, and class, of the invariants [Q, A]. Similarly, F is a form of the invariants
[A, Q), and the class containing I is a class of those invariants. The relation between
the forms f and F is reciprocal; and this reciprocity extends throughout the whole

* CrerLE’s Journal, vol. xxxv. p. 117,
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256 PROFESSOR H. J. 8. SMITH ON THE ORDERS

theory, the contravariants f and F, and the invariants Q and A, being everywhere
simultaneously interchangeable.

Of definite forms we shall consider only those which are pos1t1ve and in the case of
such forms we shall suppose (2, as well as A, to be positive, in order that ¥ as well as f
may be positive. Inthe case of indefinite forms we shall always attribute opposite signs
to Q and A; so that in this case the discriminants of f"and F will be of opposite signs.
Thus the definiteness, or indefiniteness, of a form is indicated by the signs of its invariants;
if, for example, p and ¢ are positive numbers, the forms 2°+py*-+pg2®, a°—py*—pgz?,
— 22+ py+pg2® are respectively of the invariants [ p, ¢], [—p, ¢], [ p, —¢]; and their
primitive contravariants, pga®4-gy®+2°, —pga®+qy*+2°, pga*—qy*—2°, are respectively
of the invariants [¢, p], [¢, —p1, [—¢, P]-

Art. 8. A primitive form f is properly primitive when one at least of its three prin-
cipal coefficients a, o/, @' is uneven; it is improperly primitive when those coefficients
are all even. In an improperly primitive form, one at least of the three coefficients
b, ¥, b" is uneven (or the form would not be primitive); if, therefore, f is improperly
primitive, Q is uneven and F properly primitive; and, reciprocally, if F is improperly
primitive, A is uneven and f properly primitive. Again, the discriminant of an impro-
perly primitive form is always even. Whenever, therefore, Q and A are both even, or
both uneven, neither f nor F is improperly primitive. Primitive forms of the same
invariants [Q, A] are said to belong to the same order when they and their primitive
contravariants are alike properly or alike improperly primitive. An order of properly
primitive forms of the invariants [, A] always exists, for the form

2+ Q + QA2

is a form of that order. And we shall show hereafter that, when Q is uneven and A
even, there is always an improperly primitive order of forms of the invariants [Q, A],
in which f'is improperly and ¥ properly, primitive except when {2 is an uneven square,
and 1A an even or uneven square. And, reciprocally, when A is uneven and Q even,
there is always an improperly primitive order of forms of the invariants [Q, A}, in which
f is properly and F improperly primitive, except when A is an uneven square, and 12
an even or uneven square. These exceptions cannot occur if the forms are indefinite.

For example, there are two orders of forms of the invariants [1, 12]. The properly
primitive order contains three classes, represented by the forms

(1, 1, 12> (1, 3, 4) <2, 3, 3)

0,0, 0/ 0, 0,0/’ 1,1,1/".

The improperly primitive order, in which the forms are improperly primitive, but their
contravariants properly primitive, contains two classes, represented by the forms

( 2, 2, 4) (2, 2, 4)
—1, —=1,0/° 0,0, =1/
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Art. 4. From the identical equations
EF4 I
,f(wn yu zl) Xf(xza g/2, zz)" ‘771 +.%dy + ‘dze
=QF(yng—Zl?/2, 2\ 0y=—T1%5 wlye_ylxz)9
dI‘ dF
F(wn Y 1)XF Ly Yo» 22) [‘%ldx +y 1dy 1%]} oL (6)

= Af(ylz2~zly2, zlwz_xlzza 1y2_ylx2),

. . ()

we obtain the subdivision of the Orders into Geenera. If  represent any uneven prime
dividing Q, 5 any uneven prime dividing A, these equations imply the theorems—

I. *“The numbers, prime to @, which are represented by f, are either all quadratic
residues of @, or all non-quadratic residues of ».” In the first case we attribute to f the

particular generic character <£>=+1, in the second we attribute to f the particular

generic character ( g) =

II. “The numbers, prime to 9, which are represented by F, are either all quadratic
residues of 9, or all non-quadratic residues of 3.” We attribute to ¥ the particular generic

character (?):—l—l in the first case, (‘?) =—1 in the second.

If Q and A are both divisible by any uneven prime, f and F will both have parti-
cular characters with respect to that prime. These theorems are due to EisENsTrIN.

Besides its particular characters with respect to uneven primes dividing Q, £, if pro-
perly primitive, will have in certain cases particular characters (which we shall call sup-
plementary) with respect to 4 and 8. If the uneven numbers represented by f are all

' f—1
=1, mod 4, we attribute to f the particular character (—1)2 =-1; if they are all
71
=3, mod 4, we attribute to f the particular character (—1)2 =—1. If they are all

£2-1
either =1, or =7, mod 8, we attribute to f the particular character (—1)* =+41;
if they are all either =3, or =5, mod 8, we attribute to f the particular character

2t;lz—l. Lastly, if they are all either == 1; or = 3, mod 8,f has the character
(—1)L—2;1,+L28—“1= +1; if they are all either =5, or =17, mod 8, it has the character
(— l)f—:lJ’&:l:—l Similarly, if F is properly primitive, it will, in certain cases,
acquire the characters (— 1) 2 -—I—l, or =—1; (_1)538;1: 4+ 1, or = —

F—1 F2—

(=) " s =+1,or =—1.
The following Table is useful for ascertaining the supplementary characters of any
proposed form.

252



258 PROFESSOR H. J. S. SMITH- ON THE ORDERS

TasLe 1.

A.—f and F properly primitive.

Q=1, mod 2. Q=2, mod 4. Q=4, mod 8. Q=0, mod 8.
A=1 (—1)F, *(=1) 7
=], ¥ v f28-1 _ f—Tl _ 1“;21 - SR Gt
mod 2. ~ (=1)=, *( 1) (— 1)f28—1
. f_—-l F2—1 _1 _2__
AEza ( ]_)FLI'\F —1 Fﬂ-l ('_1) 2 8 ( 1) *( 1) 2
mod 4. *(— 1)F;1 g ( _1)'29‘“;;»( ._1)T |
A=4 H=1T, (=) (17, (=17
=4, f-1 F—1 - 8 —1)?2 f-1 F-1 ’ 2
*=1)=, (=1)= 1 - (=1)=, (=1)= :
mod 8. *( 1)f—+f . (_l)fs
-1 G PN W s F-) £ F-1 -1 F-1
A=0,¥—1)=, (—=1)= [*(— 1) ( 1) (—1)2, (=1 | (=1)=, (=1)~
oy Py L fi=1 o1
mod 8. (—=1)s rt_ & , (__1) 5 (=1)5 | (=1)%, (—=1)s

B.—f improperly, F properly primitive.
F-1 Q-1
Q=1,mod2; (—1)2 =—(=1)"7.

A=2, mod 4. (_1)112—‘1 l

A=0, mod 4. (—1 = X

C.—f properly, F improperly primitive.
’- a1
A=1,m0d 2; (1) T =—(—=1)7.

Q=2, mod 4. (—1)F

0=0,mod4. | (=17, (=17

In this Table the asterisk, prefixed to a supplementary character of £, indicates that

F—1 /—1 :
that character is attributed to f only when ( —1)T=(—1)22—; prefixed to a supple-
mentary character of F, it indicates that that character is attributed to F only when

= A=
(—1)_1=( —1)71, Q' and A' denoting the greatest uneven divisors of Q and A, taken




AND GENERA OF TERNARY QUADRATIC FORMS. 259

with the same signs as Q and A. Similarly, the obelisk prefixed to a character of f or
F-1 -1
F indicates that that character is attributable to f or F only when (—1) 2 =—(—1) 2

in the first case, and (—l)f%l::—( —1)52:‘l in the second.
The use of the Table is most easily explained by an example. Let the proposed form
e J=202 4Ty + 72— 2yz;
its invariants are [2, 24], and its primitive contravariant is
F=242"4+Ty*+72*+2yz.
Since Q=2, mod 4, A=0, mod 8, F has the supplementary characters ( -—1)17_;l and
(—I)FLS_'I“; the values of these characters are found by an inspection of the coefficients,

F—1 o/'—1
and are —1 and +1 respectively. Again, since Q'=1, (—1)7 =—(—1)2"; the
character (—1) 91 is therefore attributable to f; and an inspection of its coefficients
shows that (—1) 8 =+1.

The demonstration of the assertions implied in the Table (so far as they relate to
supplementary characters) is obtained without difficulty from the equations (5) and (6).
It will suffice to consider one case as an example of the rest. Let f and F be both
properly primitive, and let Q=2Q'=2, mod 4; A=0, mod 8. If M,=F(x,, v,, 2,),
M,=F(,, y2, z,) are two uneven numbers represented by F, we infer from equation (6)

F
vthat 1 <x1 i, +, Z;‘ +z, ZZ ) is an uneven number, and consequently that M, x M,=1,

mod 8; M, and M, are therefore congruous to one another, mod 8; ¢. e. all uneven
F—1
numbers represented by F are congruous, mod 8, or F has the characters (—1)= and

( —-1)1723;1. To prove that f has the supplementary character attributed to it in the
Table, we observe first of all that F cannot represent unevenly even numbers; for, if
possible, let ¥(,, 7,, 2,) be unevenly even, and let F(,, 9., 2,) be any uneven number
represented by F; then in the equation (6) we have a square congruous, mod 8, to an
unevenly even number, which is impossible. Now let m,=f{(2,, ¥, 2.), Ma=F(%s, Ys» 25)

be any two uneven numbers represented by f; the number 4 (a:, d{ +, d; +2, df) is

uneven in equation (5); and considering that equation as a congruence for the mo-
F—1

Q-1
~dulus 8, we find m, X m,=1, or m, X m,=1+42 X ( —1)T+T, according as
F(y,2,—Y21 28222 BYa—T:Yh)

F~1 o/—1
is evenly even, or uneven. If, then, (—1)% =(—1)"7", m,Xm,is =1, or=3, mod 8;

i. e. the uneven numbers represented by f are either all of one or other of the linear
forms 8%+1, 8%43, or else all of one or other of the linear forms 8%+5, 8£4-7; so

for e Pl o1
that f has the supplementary character (—1) 2 TS Butif (=1)F =—(=1)7,
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my; Xmy=+1, or —1, mod 8, and the uneven numbers represented by f* are either all
of the linear forms 8k+1, or else all of the linear forms 8%43, so that f has the

character (— 1) 8
F2—1
The mgmﬁcatmn of the symbols ¥, (— 1)—\1' (— 1)_—\? (— 1) s 5 ¥, which
occur in the Table, is explained in Arts. 6 and 7. In the next article we shall
establish an auxiliary proposition which is frequently useful.
Art. 5. “There exist pairs of forms ¢ and P, equivalent to f and F, and satisfying
the congruences
¢ =ar®+LQ2+yQAZ,
O=0Ly QAP+ ayA2*+o32%, R ()

afy=1,
for any proposed modulus V; but this modulus must be uneven, if either f or F is im-
properly primitive.”

In the proof of this proposition we shall employ two lemmas of a very elementary
character.

(i) A properly primitive form f represents numbers prime to any given number V;
and an improperly primitive form f represents the doubles of numbers prime to any
given number V.

Let p be any prime divisor of V, and if f is improperly primitive, let p be an uneven
prime. If one of the numbers o, @, a" is prime to P, let @ be prime to p; then if & is
prime to p and y and z are divisible by p, f will acquire a value prime to p. Ifea, o, &'
are all divisible by p, one of the three numbers 4, &', ' must be prime to p; let & be
prime to p; then if  is divisible by p, and y and z are prime to p, f will acquire a value
prime to p.

If fis 1mproperly primitive and p=2, we may consider } f instead of f"and }a, 3¢, 1o
instead of @, ¢, ¢'; and we may prove in the same way that 4 f represents uneven numbers.

Thus, among the p* systems of values which can be attributed to &, ¥, z for the modulus
p, there are always some which render f'(or 4 f) prime to p; there are, therefore, among
the V* systems of values which can be attributed to #, y, z for the modulus V, some
which render f (or §f) simultaneously prime to every prime dividing V.

(i) If QA isuneven, frepresents numbers of both the linear forms 4% +1 and 4%4-3.

One at least of the principal coefficients of f is uneven, because its discriminant is
uneven: let then @ be uneven, and let o'=2, mod 2, ¢"=w, mod 2; the substitution
r=a-+ry+pz will transform f into a form f;, in which a,, d,, @] are all uneven, and in
which, because the discriminant is uneven, either only one, or else all three, of the coeffi-
cients b,, ¥, 8! are even. The four numbers a,, @, @, a,+d,+a!+420,+ 28,428 are then
all uneven; they are all represented by f;, that is by f; but they are not all congruous to
one another for the modulus 4 ; therefore f represents numbers of both the linear forms
4k+1 and 4£-43.

It follows from these lemmas (i) that if £ is an improperly primitive form, we can find
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a form equivalent to f, and having one of its principal coefficients unevenly even and
prime to any uneven number ; (ii) that if f is properly primitive, we can find a form equi-
valent to £, and having one of its principal coefficients prime to any given number ; (iii)
that if QA is uneven, we may suppose this principal coeflicient of either of the two
linear forms 4£<1, or 4£+3, at our option.

We shall first suppose that the forms f and ¥, which it is proposed to transform into
forms ¢ and P satisfying the congruences (7), are properly primitive. Let V'=VQ?A,
and let us assume that in the form F, A" is prime to V/, and also that A"=Q, mod. 4,

if QA is uneven. Let y= A%’ mod V'; the redundant system of congruences
ax+0"y+8 =0,
V'ae+dy+b =0 mod V',
Vat+by +a"'= yQA,
is resoluble, admitting Q incongruous solutions*. Let
T=1,
] mod V',
Y=,
be any one of these solutions, and let us transform f by the substitution
r=x-+ xz,]
y=y +pz,
into an equivalent form f,. The coefficients a,, &}, o) are the same as a, ¥", ¢'; the
coefficients !, &,, ¥ are respectively congruous for the modulus V' to yQA, 0, 0; so
that £, satisfies the congruence
=ar®+ 20"y +dy*+yQA2%, mod V',
The binary form (a, ¥', &') is primitive; for if d is a prime dividing @, 8", &, it divides
—QA", the determinant of (a, ¥, ¢'),and Q*A, the discriminant of f'; it therefore divides
Q (because A" and A are relatively prime), and is a common divisor of the coefficients of
the primitive form £, i. e. d=1. Again, (a, 8", @') is not improperly primitive; if QA
is even, this is manifest, for f; is not improperly primitive; if QA is uneven, QA" is by
hypothesis of the form 4%+ 1, and there are no improperly primitive binary forms of the
determinant —QA". 'We may now suppose that, in the properly primitive binary form

. . A" :
(a,0",d), @ is uneven and prime to V'; let B=—, mod V'; then the congruences

"__ ,
@ o+0"=0, " mod V/,
V'a+d =BQ, | .

are resoluble and admit of one solution. Let 2 =2, mod V', be that solution; if fibe
transformed by the substitution #=x-4y, the resulting form ¢ will satisfy the congruence
¢ = a2+ BQy’+yQAZ, mod V',
and the forms ¢ and @ will satisfy the congruences (7) for the modulus V.
* Philosophical Transactions, vol. cli. p. 323.
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Attributing to V' the value VQ2A’, we may apply the same demonstration to the case
in which either f or F is improperly primitive, the modulus V being supposed uneven.

Art. 6. 'When neither £ nor F is improperly primitive, and neither Q nor A evenly
even, f'and F, considered separately, have no particular characters, properly so called,
with respect to 4 or 8. But, considered jointly, they have a certain character with
respect to 4 or 8, which we shall term their simultaneous generic character, and which
it is important to consider here.

If m=f(z, y, 2), M=F(X, Y, Z), the representations of m by f and of M by F are
said to be simultaneous when @, 7, z, X, Y, Z satisfy the equation '

aX+4yY+42Z=0. . . . . . . ., . . (8

This definition of simultaneous representation suffices for our immediate purpose; we

add, however, that if the two representations are primitive * as well as simultaneous, the
equations

U XY, ()
A yl’ 2 '
X, Y, %
X, Y, 7 =02z . 5 - - . . . . (10)

are resoluble in integral numbers &, ¢/, 2, X', Y/, Z".  For, considering the first of these
equations, we observe that [2, y, #] is a given solution, in relatively prime numbers, of
the equation (8); let [2, %/, 2'] be a solution of the same equation which with [, y, 7]
forms a fundamental set; the equation (9)is then satisfied by virtue of the characteristic
property of the fundamental set (Philosophical Transactions, vol. cli. p. 297). Thus if
the representations of m by f, and of M by F, are primitive and simultaneous, m is pri-
mitively represented by a binary form of determinant — QM, which is itself primitively
represented by f'F; and, reciprocally, M is primitively represented by a binary form of
determinant — Am, which is itself primitively represented by F.

In the four cases in which neither Q nor A is evenly even, the simultaneous character
of fand I is given in the Table of Art. 4. The symbol ¥ in that Table represents

Af+1 QF+1 Am+1 QM+1

the unit (—1)"2 "2, 4.e. the unit (—1)2 i , Q' and A' denoting the same
numbers as in Art. 4, and m, M being any two uneven numbers simultaneously
represented by f and F. Thus, if Q=A=1, mod 2, the simultaneous character ¥
is attributed in the Table to f" and I; ¢. e. the uneven numbers simultaneously repre-
sented by f and F either all satisfy the equation ¥'=1, or else all satisfy the equation
V=-—1.

To demonstrate these simultaneous characters we consider the four cases separately,
and for the forms f'and F we substitute forms ¢ and ® equivalent to them, and satisfying

# The representation of a number by a form is said to be prémitive when the values of the indeterminates do
not admit of any common divisor besides unity.
+ See Art. 10.
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certain congruences for the modulus 4 or 8. The existence of the equivalent forms thus
assumed results, in each case, from the theorem of the last article.
Case (i) Let Q= A=1, and let ¢ and P satisfy the congruences

Ap =wa®+ Py’ 492,

QP=PyX*+aBY+oPZ, | 0y
or

QP =eX?+LY?+4yZ?,
effy=1,
A%tributing in succession to the indeterminates
z, Y 2z
X, Y Z
all systems of values, mod 2, which satisfy the congruence
X +4+yY +2Z=0, mod 2,
and which render m and M simultaneously uneven, we find that in every case Am is
congruous, for the modulus 4, to one of the numbers «, 3, ¥, and QM to one of the

Am+1 OM+1
2 X3

remaining two. Thus is necessarily congruous, for the modulus 2, to

one of the three numbers

B+Dy+1) (y+Dle+1) (2+1)(B+1)
4 4 ’ 4

But these numbers are all congruous to one another for the modulus 2, because the
congruence 83y =1, mod 4, implies the congruence a+B8+4y+1=0, mod 4. Therefore
the unit ¥ has always the same value for every pair of uneven numbers simultaneously
represented by f and F.
It will be seen that ¥=—1, or ¥=+1, according as the congruences a=8=y=1,
mod 4, are or are not satisfied.
Case (ii) Let 2=2, mod 4, A=1, mod 2, and let
A9 = aar®+208y*+2y2% mod 8,
Q'Y = 22X+ 3Y?+ 972 mod 4,
efy =1, mod 4.
The admissible combinations of the values of #, ¥, 2, X, Y, Z, mod 2, give rise to eight
cases, «
Am=na, mod 8; QM= g(,or ¢, mod4,.
Am=a+2p, mod 8; QM= —f, or 4y, mod 4,
Am= a4 2y, mod 8; QM= g3, or —y, mod 4,
Am=a+28+4+2y, mod 8; QM= —f3, or —y, mod 4,
and, in all of them, the value of the unit ( -‘-l)ﬁ%q:" V¥, and therefore of the unit
( —l)ﬁﬂ:l ¥, is the same, because, by virtue of the congruence e4gB-+y+1=0, mod 4,
MDCCCLXVIL 20
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the four numbers
(a+1)(2+28+1) (x+1)(a+2y+1)
8 ’ 8 ’
(2 +284+2y+1)(a+28+1) (a+2B8+2y+1)(z+2y+1)
/ 8 ’ 8

are all congruous to one another for the modulus 2.

Case (iil)) @=1, mod2, A=2, mod 4. In this case the simultaneous character of
the forms f and ¥ may be demonstrated as in case (ii), or may be inferred by recipro-
cation from the result in that case.

Case (iv) Q=A=2, mod 4. Let

Alp = as*+28y*+4y2*, mod 8,
QP = 4X*+2BY* 4972, mod 8,

ef3y=1, mod 4.
Here again there are eight cases,
- A'm=ua ; QM =y, or y+23 , mod 8,
Am=a+28 ; QM=y, or y+2844, mod 8,
A'm=a-+4 ; QM =y+44, or y+28+44, mod 8,

Am=a+28+44; QM=y+44, or y+238 ., mod8;

Alm2-1 +ﬂ"2M'3 -1

and in all éight the value of the unit (—1) s sV, and therefore of the unit

£2—=1_ F2—1
(—1) "8 ¥, is the same, because by virtue of the congruence o—+B+4y+1==0,mod 4,
the two numbers
(aty)aty+2) (x+y+26)(a+y+28+2)
8 ’ 8

are congruous to one another for the modulus 2.

Art. 7. The following observations will serve to show more clearly the import of
the simultaneous character in each of the four cases.

Case (i) Let ¥=—1; then, if m and M are any two uneven numbers simultaneously
represented by f and ¥, m= A, mod 4, and M= Q, mod 4. Also f* cannot represent
numbers congruous to 7A, mod 8, nor F numbers congruous to 72, mod 8; for the
congruences

(B+D+1Y) _ (y+D(@+1) <4+1><F+1)51,modz

4 4 4

I

imply that =B=y=1, mod 4; ¢. e. that @, or, which is the same thing, f'can only
represent uneven numbers congruous to A, 3A, 5A.. And similarly of uneven numbers
T can only represent those which are congruous to Q, 3Q, 6Q. Numbers congruous to
3A are represented by f, and numbers congruous to 3Q2 are represented by F; but these
representations are not simultaneous with the representation of any uneven number by
F in the first case, and by f'in the second.
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Let ¥=+1; then if m and M are uneven numbers simultaneously represented by f
and F, one at least of the two congruences m=—A, mod 4, M=—Q, mod 4, must be
satisfied. Subject to this restriction, m and M may have any of the four linear forms
8k+1, 3,5, 7.

- Case (ii) The restrictions imposed on the numbers m and M by the simultaneous
characters are exhibited in the annexed Table.

If fo=1 AL‘ fi=1 ar—1
(1) TV =(—1) 5. | (=1)F ¥=—(=1) 5.
M= Q, mod 4.| m=5A, 7TA, mod 8. m= A, 34, mod 8.
M=3Q, mod 4.| m= A, TA, mod 8. m=34, 5A, mod 8.

Except when Q and A are both uneven it will be found that, in the case of any
two properly primitive forms f and F, every representation of an uneven number by

either of the two is simultaneous with the representation of uneven numbers by the
A2
other. If therefore (— 1) s \If (—1)7%", f cannot represent numbers congruous to 3 A,

mod 8, because it cannot represent them simultaneously with uneven numbers, and if

Si=1 A2—1 '
(=1) 8 ¥=—(—1)"%", f cannot represent numbers congruous to TA, mod 8.
Case (iii) In this case, which is the reciprocal of the last, we have the Table,

If

(—1)5_2"11‘1’:(—1)'(%_1. (_1)?){*\1,:_(_1)‘%'

m= A', mod 4.] M=5%Q, 7Q, mod 8. M= Q, 3%, mod 8.

m=3A", mod 4| M= Q, 7Q, mod 8. | M=3Q, 5Q, mod 8.

And F cannot represent numbers congruous to 3Q or cannot represent numbers con-
l

gruous to 7%, according as (— 1) C Y= (— 1) s
Case (iv) In this case both f and F represent numbers of all the four linear forms

8k+1,3, 5, 7. The Table, in which the modulus is everywhere 8, exhibits the restric-

tions imposed by the simultaneous character. |

B )5 =) | (c) e (=)
m= A M=50, 70 M= @, 3Q
m=3A' | M=3Q, 5 M= Q, 79
m=5A"| M= 0, 30 M=5Q, 70
m=T4A'| M= Q,70 M=3C, 5Q

202
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Art. 8. The complete generic character of a form or class is the complex of all the
particular characters attributable to the form or class, and to its primitive contravariant,
including their simultaneous character, if any. And two forms, or classes, which have
the same complete generic character are said to belong to the same genus. But not

~every complete generic character that can be assigned & priori, is the character of any
really existing genus of forms. The annexed Table will serve, in the case of any given
order, to distinguish those complete generic characters, which are possible, . e. to which
actually existing genera correspond, from those which are impossible.

In this Table ; and A] are the greatest squares dividing 2 and A; the quotients
Q + Q) A+ Aj are respectively represented, if uneven, by Q, and A,, if even by 2Q,
and 24,, so thatQ ,and A, are always uneven and not divisible by any square; w, and §,

are any primes dividing Q, and A, , and 3, are any uneven primes dividing Q, and A,,
n’F+l A’F-‘}-l
but w, must not divide Q,, nor must 3, divide A, ; lastly, ¥ is still theunit (—1)"2 77 ,

nF‘+l AF+1

or, which is the same thing, the unit (—1) 2 ,J and F in the exponents of these
units denoting uneven numbers simultaneouslty represented by the forms f and F.

The Table A of properly primitive generic characters contains twenty-five compart-
ments corresponding to the twenty-five cases indicated in its margin; the Tables B and
C of improperly primitive genera contain three such compartments each. In each com-
partment are inscribed all the particular characters which make up the complete generic
character of a form coming under the case to which the compartment corresponds; the
symbols (-a'};), (“l;), <§>’ (;) implying that f has a particular character with respect

1 ] 1 2 .
to every prime @, Or a,, F a particular character with respect to every prime 3; or 3.
Each compartment is divided into two parts by a vertical line, and the particular
characters (one of which in Table A either is or contains ¥) placed to the left of this
line are subject to the condition that thelr product ' is equal in Table A to the umt

(=1) R , in Table B to the unit (— 1)— (-—-1) PR , in Table C to the unit

(—1)‘s—><(—1)T'“‘2'ﬂ. If «=+1, or —1, according as Q is of the form Q,QZ% or
2Q,Q2, and if, similarly =1, or —1, according as A is of the form A A% or 2A, A2,
we may express this condition in Table A by the equation

fi-1 Fi—1 f n,+1 A,+1 ‘ )
Ixa T xp e x (F)x(x)=(=DT L an
and in Tables B and C respectively by the equatlons l

(=075 () % (&) == 1)8 SRR )
(_“)f%‘—‘x@{_l) 3 )=(— AT 1)

The condition distinguishes the possible and impossible genera, every generic cha-
racter which satisfies it being the character of an actually existing genus, and every
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Q=00 Q,=1, mod 2. Q=020 Q,=2, mod 4.
A=A Y y (-1)%—1
_AA? |
sonmaz | GG |GG @6 [E G
S =2 Q I=3x2-
v L1y v (=1, (=DF
A —AAL
ammeas | @G GG |GG (G G
Q '=3x2'|P =2+
v (=) ¥ (=17, (=17
A=A AL ) , (_1)¥ (_1)“—3~x
astmett 1 (D6 GG |GG GG
Q r=3x2 |P g+
(=17 ¥ (1) ¥ (-7
A —2AA |
A,=1, mod 2. <;tl>, <§_:) (g;)’ 3%) <£>’ <§‘—1> (ZTZ)? (8%) ’
S r=2 R I= vt
v P2 F—1 v -1 f -
(=1 (-7 (=D (=17, (=7
A —2AAL
s=omote | @) G @ |G @ 6
Q I=3x2" =97+




TABLE II. OF COMPLETE GENERIC CHARACTERS.

A.—f and F properly primitive.

Q,=1, mod 2.

od 4. 0=0Q,Q2 Q,=0, mod 4. Q=20Q Q=200
f%l 21
i ) \I’F E:i;j;s—;l ' (;DfT];II , . (_1)%__:1,
1O6 |3 s 00 0o (3.
?)XZV Q I'=3x2 S I'=2" Q
F f—1 F—-1
—)F v (=1, (-1)F oo o K
oloo 9. oo oo 27
VOO g GO QO o
Dy +1 P A I'=2r+ R =2+ P
)T GV C i I (—1)F ¥
1y (1 | T (-1 [ (=1
Do lE 6 06 O 06 [& 6
Jy+2 P ' '=2r+3 R I'=29r+2 P
(1% - (~1)F ¥

A T (—fl)—FM\P PN [
O1O0 @@ |90 B g g
AR R I‘=.‘2:V+2 S =% R

- v =1 I -

-7 (-1 E_z_z-_f( N (\PI)EB_ (17 | 1)ﬁ_8__fp( 1
¥ £ DT (- 0, —D (=
D10 Ty o loe O9 jo e
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B.—f improperly, F properly primitive.

- o1
(=) =—(=1)2"; Q=1, mod 2.

=20, Q. Q,=0, mod 2.
o Q—=0,0: Q,=1, mod 2.
¥ A =80 (), (3)
- fo A,=0, mod 2. 1) F “2/7 \ba.
8 _ (—1)= <w| > <3l> =2
6 @ @
7 \3, @9 7%, A =2A A% , (f—>, <8E)
—3x 2 A=1, mod 2 N (E W
=1, Mmod 4. (E)a <3_1> T=9r!
‘\P Fz_l
=1 W5 1 A =244 (Jﬁ (E) (=1
Xl I oo GO U A
G @ G RS
>\ o > \% =2
I"=2y+ﬁ
f=1 F-1
v (=1)=, (=1)>
=1 F2—1
(=1)¢ C—t v Fi Iv orimit;
<E> (_f_) <E> — p;'oper y, F improperly primitive.
> \§, wg > \% “(=1)*=—(—1)7; A=1, mod 2.
T'=9v+3 .
A=A AL A,=1, mod 2.
ERy/) . P
- -t Q=0,0; (=1)= (I_) <E)
s (—1)> | T w)? \5
G @ -6 o0 med2 | (3) () -
] 81 ®, 9 32 ’
T—grte Q—20,0. (i> (SE)
o f F ) 2
” 91:1, mod 2. <;—l>, (8—1> =21 |
SRS = ro1 rey
sL(=1)= (=)=, (=1)> , (1)
HoG-e || @ )
s 3, wy) 0 \§, ; . w) \5,
ron a=0,mot2 | (2) (5) r=z
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generic character which does not satisfy it belonging to no forms whatever. The demon-
stration of this important theorem will occupy the next articles; itis, however, requisite
to show in the first place that the enumeration of the supplementary characters in Table
II. is in accordance with the Table I. of Art. 4. For the Tables B and C this is evident ;
in Table A it is necessary to attend to the signification of the symbol ¥, which serves
to represent the simultaneous character of f and F (as has been already explained

f_
in Arts. 6 and 7) in those cases (marked S in the Table) in which neither (— 1)_21 nor

F—1
(—1)* is a character, but which also appears in every compartment of the Table
without exception.

f-1 F— ' '
(1) When (—1)* and (—1)Tl are both characters (cases P in the Table), ¥ is not
f=1
an independent character, because its value is determined by the values of (—1) 2 and

F—1 .
(—1)*. It isretained in the Table only because it serves to express the criterion ot
possibility. ‘

I F—1
(2) When ( —1)7_l and ¥, but not (—1)72, are incribed as characters, ¥ represents
' F— F—1 =1
the character (—1) Tl, if ( -—1)*"::(—-1)%", and is simply 41 (¢. e. not a character
‘ Sf—=1 =1
atall),if (—=1)7 = —(-1)‘%—. This is in accordance with Table I., according to

which, in the cases under consideration, ( —1)—1“"2:l is or is not a character, according as
(—=1)F =(=1)"T, or =—(=1)""". Similarly, if (—1) T and ¥, but not (—1)%,
are inscribed as éharacters, ¥ represents the character ( -—1)‘%, or is not a character at
all, according as (—1)11‘;=( —1)017_1, or =—( -—1)%:_1; which again agrees with Table I.

In these cases, marked Q in the Table, the symbol ¥ supersedes the asterisks and
obelisks of Table I., and also serves to express the criterion of possibility.

(3) When (—l)f%l and ( -—1)1$><\I’, but not (—1)12__1, are characters in the Table,
(—1)¥ X ¥ represents the character (—1)E;!+E;—l, or (—1)228;1, according as
(—1)1121=(—1)§;, or —(—l)ﬁ;_l. And again, when (---I)FT—l and (_1)"23:)( ¥, but not

£o1 £ o1, 20
(—1)7, are characters in the Table, (—1) ® X ¥ represents the character (—1) 2 * ¢

Sfi—1 — - -1 ’
or (—1) %, according as (—1)1‘:2_1=(—1)qﬂ’1‘, or ——(—l)g‘r.
The result in these cases (marked R in the Table) is again in accordance with Table I. ;
and the use of the symbol ¥ is the same as in the cases Q.

Thus the units W, (-—1)%1l XY, ( —I)EFX ¥, which properly represent simultaneous
characters of the forms f and F, are employed, in the cases Q and R of the Table, to
represent supplementary characters. This use of these symbols is admissible, because,
when QA is even (as it is in the cases Q and R), every representation of an uneven
number by f or F is simultaneous with the representation of uneven numbers by F or f.
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In the lower right-hand corner of each compartment in the Table, the number of
possible genera contained in the order to which the compartment refers is represented
by I'; ¢ is the number of uneven primes dividing , together with the number of
uneven primes dividing A, so that if the same prime divide both Q and A, it is to be
counted twice. But it is to be observed that, when Q and A are both perfect squares,
(a case which can only arise when the forms are deﬁmte) the number of possible genera
is two-thirds of the number stated in the Table in the cases (Q), and one half in the
cases (P). And again (as has been already stated in Art. 3), in Table B, when Q is an
uneéven square, and A the double of a square, there are no possible genera; and when
A is an uneven square, and  the double of an uneven square, there are none in Table C.

Art. 9. Tt results from the theorem of Art. 5 that if # and F are properly primitive,
they simultaneously and primitively represent uneven numbers prime to QA. We may
therefore suppose that in fand F, ¢ and A" are uneven and prime to QA ; we may also
suppose that these numbers are prime to one another, because A" being prime to Q A,
and @ being uneven, the binary form (e, 8", ') is properly primitive (Art. 5), and so repre-
sents numbers prime to its determinant. Lastly, we may assume that ¢ and A" are
positive. If the forms f and ¥ are definite, @ and A" are certainly positive ; if they are
indefinite, A and  are of opposite signs; supposing, for example, that A is positive
and Q negative, let m be any positive number primitively represented by /> and M any
number simultaneously and primitively represented by F, then M is positive as well as
m; otherwise mMf, which is of the type MX*+QY?+mQAZ? would be a definite form.
Positive numbers are therefore simultaneously and primitively represented by f" and F;
i. 6. we may suppose @ and A" simultaneously positive. The complete generic character
of f'is then determined by the characters of @ and A", But

ad —0*=QA", A'A'—B*=Aaq,
whence it-follows that

= @)=

multiplying these equations together and observing that, by the laws of quadratic

(@)=

(=17 L(%)(%?—):L R 6 1)

Let « and (3 retain the significations assigned to them in equation (11), Art. 8; trans-

residues,

we find

forming (_aﬂ> and < Af) by the law of quadratic reciprocity, we find

()= (a),

A A'-1 A+l AU /AN
(T)':(-l)” AT (—)
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and equation (14) becomes

Ql+I.A,+l+Q +A”‘A +a az—l Ari—1 Al
(== TE <_>(AI>=1;

l

or observing that
ﬂ,+A” A +a QA”+1 LA+l

r=(=1) =Y,

(=1):
and writing f and F for ¢ and A”

"I’)(ozﬂa XﬁF"’gl)((f) ( ) (- 1)Q,+1A+l

i. e. the generic character of f satisfies the condltlon of possibility (11). '

Again, if £ is improperly and F properly primitive, let A” be prime to 2QA; then the
binary form (a, 8", @') is primitive, because A" is prime to AL, and improperly primitive,
because f is improperly primitive. 'We may therefore suppose that 4 is uneven and
prime to QA", and, as before, that @ and A" are positive. Multiplying together the

equations
-0 Al 2A
(70) % ()= (&) (&)=

and transforming the result by the law of reciprocity, we find

(=87 x () x (5)=(= 15

i. e. the condition (12) is satisfied by the generic character of f.

" The case in which £ is properly and F 1mproperly primitive, is the reciprocal of the
preceding.

To show that the conditions (11), (12), (13) are sufficient as well as necessary, other
principles are required.  These principles relate to the representation of binary by ternary
quadratic forms, and will be found in the ¢ Disquisitiones Arithmetice, arts. 282-284 ;
it will, however, be convenient briefly to restate them here, in a form suited for our
present purpose.

Art. 10. A binary quadratic form ( p, ¢", p') or ¢ is said to be represented by a ternary
form f when f'is transformed into ¢ by a substitution of the type

r=a,x+By,
y=ax+ 0.y,
z=ax+ 0,y
The representation is said to be primitive when the determinants of the matrix
o B
Oy ﬁ?
g [3s

are relatively prime. If ¢ is primitively represented by f, f is equivalent to a form con-
taining ¢ as a part, 4. e. to a form £ of the type

f'=pa* 'y p" B+ 2gyz + 2g w2429 xy,
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for f is transformed into such a form by a substitution of which the matrix is
oy By N
tas PBas Ve

Oy Bss Vs
%1 Y2 75 denoting any three numbers which render the determinant of that matrix equal
to +1.
Let
F=Pas*+Py’+P'2*+2Qyz+ 2Qxz+2Q"zy
be the primitive contravariant of f', so that, in particular,

o . QP'=q¢"—pp'; . . . . . . . . . . (15
multiplying the equations

QQ —P'Q'=Ag", (16)
PP” —_— QI2= Apl
(which result from the contravariance of /' and ¥') by 2%, 2y, 3* respectively, we obtain
___A X (Pﬂ+29”$y+‘pfy2)=(qﬁ_PIPII)x2_2(QQI_PHQII)xy+(Qv'2_PPH)y2;
and this equation, considered as a congruence for the modulus P”, becomes
AXp+(Qr—Qy)y=0, mod P, . . . . . . . (A7)
the coefficients of 2%, 22y, »* in the left-hand member being all divisible by P". If therefore
¢ is a binary quadratic form of determinant —QP", admitting of primitive representa-
tion by a ternary form of order [Q, A], —A¢ is a quadratic residue of P'. And we
shall now show that if ¢ is a primitive (and not negative) binary form of determinant
—QP", P" being of the same sign as A and prime to A, ¢ admits of primitive repre-
sentation by ternary forms of the invariants [Q, A], whenever — A is a quadratic resi-
due of P,

Because —Ag is a quadratic residue of P”, the congruence (17) admits of solution in
integral numbers Q, Q. Any solution of this congruence supplies a system of five
numbers, P, P, Q, Q', Q" satisfying the equations (16). The greatest common divisor
of these five numbers divides A, because p, ¢", p' are relatively prime; but P” is prime
to A ; therefore the six numbers P, P/, P, Q, Q/, Q" are relatively prime. Let ¢and ¢’
be determined by the equations

g'—gp'= QQ. 1 g
ap —¢7'=—9Q, |
which are always resoluble because their determinant ¢"*—pp'=0QP" is different from
zero. Also let p” be determined by the equation

JQ+9Q+p"P'=0A. . . . . . . . . . (19
The values of ¢, ¢, p" are rational ; and, if they are fractions, their denominators, when
they are expressed in their lowest terms, are divisors of P”. Substituting in (19) for

PP — =A}9, }
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P, Q, Q their values derived from the equations (16) and (18), we find that Q*A is the
determinant of the matrix

P 9’ q
7 ¢ q (20)
7, Q’P
Let
Qpl, Q" Q]
ol Ol Ol | - - e .- .. @

Qq'), QgL Qp]

be the matrix reciprocal to the matrix (20); we know, from the equations (15)and (18),
that [ p"]=P", [¢]=Q, [¢{]=Q. Again, in the reciprocal matrices (20) and (21), we

must have
2" )—-[gF=2p,
[gll¢] —[2"l¢"1=A7"
[p]lP"]-[g"1=247,
or substituting for [ p"], [¢], [¢'] their values,
[PI]PH_Q2 — Ap,
QQ'—P'[¢N=A 7"
[p:lPH_QIz =Apll.
Comparing these equations with the equations (16), and observing that P' is not zero,

we infer that
[P1=P, [¢'1=0Q [p]=P.
The matrix reciprocal to the matrix (20) is therefore
Qr, QQ', Q
QQ', QP', QQ R 2024
QqQ, QQ, QP

and, consequently,

AQ =Q'Q'—PQ,
A Q'— QQ'—-P' Q,
A_p" —PP —Q".

These equations prove that the denominators of ¢, ¢/, p" are divisors of A; 4. e. that g,
¢, p" are integral numbers, because P" is prime to A. The coeflicients of the ternary
form
J'=pa*+ply*+p" +2qy2+2q'02 4 2 qay
are therefore integral ; this form is primitive, and represents primitively the form (p, ¢/,
7'); it is also a form of the given invariants [Q, A]; for its discriminant is AQ’, and
the greatest common divisor of the first minors of its matrix is Q; hence its second
invariant is A, and its first invariant either 4-Q, or —Q. But when the given invariants
Q and A are both positive, ¢ is a positive binary form of the negative determinant
MDCCCLXVIL. 2p
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—QP"; and such a form cannot be represented by an indefinite ternary form of a posi-
tive discriminant; f' is therefore definite, and its first invariant is 4-Q. When the
given invariants Q and A are of opposite signs, ¢ is a binary form of the positive de-
terminant — QP”; such a form cannot be represented by a definite ternary form; f"is
therefore indefinite, and, as its invariants must be of opposite signs, in this case also its
first invariant is 4 Q. :

Also, if ¢ is properly primitive and P" uneven, the forms f” and ¥’ are both properly
primitive, one of the principal coefficients of each being uneven. In this case, therefore,
¢ is represented by a form of the properly primitive order [Q, A]. If ¢ is improperly
primitive (a supposition which implies that QP"==3, mod 4), and if A is even, f"is
improperly primitive. For no properly primitive ternary form of even discriminant can
represent primitively an improperly primitive binary form, the supposition that ( p, ¢",
2') is improperly primitive and p" uneven implying that the discriminant is uneven. And
the same thing follows from the preceding analysis; for, considering the equations (18)
as congruences for the modulus 2, we find on the supposition that ¢ is improperly pri-
mitive, ¢g=Q', mod 2, ¢'=Q, mod 2, and substituting in (19), "=0, mod 2, so that " is
improperly primitive.

Art. 11. 'We can now assign a properly primitive form of any given invariants [Q, A],
and of any given generic character satisfying the condition of possibility. Let M be
any number prime to 24, of the same sign as A, and possessing all the particular
characters (except the simultaneous character, if any) which are attributed to F in the
given generic character; also if {2 is uneven, and A uneven or unevenly even, we shall
suppose that M=Q, mod 4. Let ¢ be any properly primitive, and not negative binary
quadratic form of determinant —QM; and let m be any number prime to 2QM
which is represented by ¢. By the theory of binary quadratic forms, the generie
characters which are attributable to ¢, are (i) its characters with respect to primes
dividing M, (ii) its characters with respect to primes dividing €, (iii) its supplementary
characters. These last are exhibited in the following Table,

If —OM = Supplementary characters.

1, mod 4. * None.

¢—1
3, mod 4. (—=1)*
2, mod 8. (=)
6, mod 8. (=17 +%
4, mod 8. (-1)'T

. ¢-1 P2—1

0, mod 8. (=1)=, (=1)>
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Let @ be any prime divisor of M, and let us determine the first set of characters by

the equations. \ ; : - -
e\ [—A , v g9y
<E)=<T>’ e @)

(g>:(§> N 7))

(‘5) being a particular character of f; of which the value is assigned in the prqposed

the second set by the equations-

generic character. 'With respect to the supplementary characters of ¢, it will be found
on a comparison of the above Table with Table IL A, that, when the proposed generic
character includes no simultaneous character, the supplementary characters attribu-
table to ¢ are the same as those attributable to f; we then assign to the supple-
mentary characters of ¢ the same values which are assigned to the supplementary
characters of f in the proposed generic character. But when the proposed generic
character includes a simultaneous character, there is always a supplementary character
(and only one) attributable to ¢, and not to f'; this character of ¢ we determine so that
the value of the simultaneous character of ' and F, and the value of the unit similarly
formed with m and M, may be coincident. This determination is always possible, as
will be seen on a comparison of the cases (S) of Table II. A, with the above Table of
supplementary characters of binary forms. As we have now assigned a value to every
particular character attributable to @, it is necessary to inquire whether a form ¢,
possessing such a complete character, actually exists; 4. e. whether the character that
we have assigned to ¢ satisfies the condition of possibility for binary forms of determi-
nant — QM.

If, as in art. 8, =41, or —1, a,ccmdlng as Q is of the form Q,Q2 or 2Q,Q2 that
condition is

Ol oot ot .
(—1) <01M> =1, . . . ... .. (25)

or, since
A1 A,QH 1

(=1)* T =(=1)7,
nM+1 A+l nM+1 AP+ (p -1
(=) T <QM)1 C L (20)
But (Q) (Q> by the equatlons (24), and if (again as in art. 8) B=+1, or —1,
according as A is of the form A A2 or 2A, A2,
—A M- 1'A+l
()=(G) =07 5% x ().

Substituting these values in ( 26), and observing that in every case

nM+1 A4l 92-1 M- Sf2=1 F’—1

( ]_) T2 g S‘B‘s ='\IJ‘X“_8—@—.§”,

e W i W AN Ot1 A+l
xa T () (a) =17

2pr2

we obtain
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But this equation is the equation (11) of art. 8, which is by hypothesis satisfied by the
proposed generic character; therefore the equation (25) is also satisfied ; %. e. a properly
primitive binary form ¢ exists, of determinant —QM, possessing the generic character
which we have assigned to it. This form, multiplied by —A, is a quadratic residue of
M; for the equation

(T) =1

is satisfied for every prime dividing M, by virtue of the equations (23). Let, then, a
ternary form f; of the properly primitive order, and of the invariants [Q, A}, be deter-
mined, representing ¢ primitively. The generic character of this form is completely
determined by the numbers m and M, which are uneven numbers simultaneously repre-
sented by f and F; it is therefore a form of the proposed generic character.

Of the two improperly primitive orders, it will suffice to consider that in which f'is
improperly and F properly primitive; so that Q is uneven and A even. Let M be a
number prime to 2QA, of the same sign as A, and satisfying the generic characters of
F, including the congruence M=—(2, mod 4; also let ¢ be an improperly primitive
binary form of determinant —QM; the generic characters attributable to ¢ are (i) its

characters (E), (ii) its characters (E) These characters we determine, as before, by

the equations (23) and (24). The complete generic character thus assigned to ¢ is pos-
sible; for the condition that it should be possible is

0,2

(ﬂ;’p_M>=(—1) S

BE-

Transforming <:1VI?A> by the law of reciprocity, we find

=X () B)mo

an equation which the proposed generic character satisfies by hypothesis (equation (12)
Art. 8). Animproperly primitive form ¢ of determinant — QM therefore actually exists,
having the generic character which we have assigned to it; . ¢. ternary forms exist
having the proposed generic character.

Tt is evident from the demonstration that if M is of the same sign as A, prime to 24,
and also (when Q is uneven and A uneven or unevenly even) congruous to {2, mod 4,
there is always one genus of properly primitive binary forms of determinant —QM
capable of primitive representation by a given genus of ternary forms of the properly
primitive order [Q, A7, of which the contravariant characters coincide with the charac-
ters of M. And similarly, if A is even, Q uneven, M prime to A, and = —Q, mod 4,
there is always one genus of improperly primitive binary forms of determinant —QM

or
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capable of primitive representation by a given genus of ternary forms of the improperly
primitive order [, A], of which the contravariant characters coincide with the
characters of M. And in both cases no other primitive form (if M is prime to £,
no other form, primitive or derived) of determinant — QM is capable of such repre-
sentation.

Art. 12. By a rational substitution we shall understand in this article a substitution
of which the determinant is unity, and of which the coefficients are rational. If the
common denominator of the coefficients is prime to any number m, we shall say that the
substitution is prime to m.

If £, and f, are ternary forms, having integral coefficients, of which f; is a form of the
invariants (2, A), and is transformed by a rational substitution, prime to 2QA, into f,,
f2is aform of the same invariants, of the same order, and of the same genus as f,. This
may be proved nearly in the same way in which it is proved that equivalent forms have
the same invariants and are of the same order and genus; it is only necessary to observe
that ¥, and F,, as well as f, and f,, are transformable into one another by rational sub-
stitutions, prime to 2QA. The converse proposition,

“If £, and f, are two forms of the same invariants ({2, A), of the same order, and of
the same genus, they are transformable, each into the other, by rational substitutions
prime to 2QA,” is also true, and is of importance in the present theory, because it
establishes the completeness of the enumeration of the generic characters of ternary
forms. To avoid the introduction, in this place, of principles relating to quaternary
quadratic forms, we shall give an indirect demonstration of it, depending on the follow-
ing lemma which relates to binary quadratic forms.

“If ¢, ¢, are two primitive binary quadratic forms of the same determinant, and of
the same genus, the resolubility of the equation ¢,(2, y)=M implies the resolubility of
the equation ¢,(, y)=Mz?; and in the solution of this equation the value of z may be
supposed prime to any given number £.”

Because ¢, and ¢, are of the same genus, ¢, is transformable, by a bipartite linear
substitution, into the product x X ¢,, % representing a properly primitive form of the
principal genus (Disq. Arith. art. 251). But y is transformable, by a quadratic sub-
stitution, into the square of a properly primitive form 4 (ibid. art. 287). Therefore, by
a mixed quadratic and linear substitution, ¢, is transformed into the product ¥*X ¢,.
Attributing, in this mixed substitution, to the indeterminates of ¢, the values which
satisfy the equation ¢,=M, and to the indeterminates of -/ any values whatever for
which 4 acquires a value z prime to %, we obtain a solution of the equation ¢,=Mz".

Let us first suppose that the given ternary forms f, and f, belong to the properly pri-
mitive order of the invariants (2, A); let M,, M, be two numbers of the same sign as
A, prime to 2QA, and primitively represented by F,, F, respectively; we may suppose
that M,=M,, mod 8; and that the representations of M, and M, are simultaneous with
the representations of uneven numbers by f, and f,. Let ¢,, ¢, be two binary quadratic
forms, of the determinants —QM,, —QM, respectively, represented by f; and f, simul-
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taneously with the representations of M, and M, by F, and F,*. Then ¢, and ¢, are
properly primitive; their generic characters with respect to uneven primes dividing Q

will coincidfe, because
< ) | (fl> <Q> < Q) :
w w w

their supplementary characters will also coincide ; for the same supplementary characters
are attributable to ¢, and ¢,, and these supplementary characters are determined for ¢,,
in accordance with the supplementary characters of f;, or the simultaneous character of
fi and F,, and for ¢, in accordance with characters which are the same with these;
lastly, if @ is any prime dividing-both M, and M,, the characters of ¢, and @, with respect

to w will also coincide; for
@)-()-(2)
I !" ¥

The remaining characters of ¢, and @, (7. e. their characters with respect to primes
dividing only one of the two numbers M, and M,), being characters with respect to
different primes, cannot be incompatible. The complete generic characters of ¢, and @,
are therefore compatible, and are satisfied by the numbers contained in certain arith-
metical progressions. Fach of these progressions contains (by the theorem of LrsEuNE
DiricHLET) an infinite number of positive and negative primes. ILet p be one of these
primes of the same sign as. Q, and not dividing 2QA ; p will satisfy the generic cha-
racters both of '@, and @,, and will be represented by some form of determinant —QM,,
and of the same genus as @,, and by some form of determinant — QM,, and of the same
genus as @,.. Therefore, by the lemma of this article, pé; will be primitively represented
by @, and pé& by @, §, and ¢, denoting numbers prime to 2QA. Let ®,, @, be two
properly primitive binary forms represented by I, ¥,, simultaneously with the repre-
sentations of pé}, pbi, by 1, fo. The determinants of ®,, ®, are —Apd}, —Apf;; and
it will be found (as in the case of the forms ¢,, ¢,) that the generic characters of @,, @,
are compatible; and that a prime P of the same sign as A, and not dividing 2QA4, is
assignable, such that P@?, PO are primitively represented by ®,, ®, respectively,
©, and O, denoting numbers prime to 2QA. Thus the numbers pé;, PO} are simulta-
neously and primitively represented by f; and ¥,; the numbers pé, PO} are simulta- -
neously and primitively represented by f, and ¥,. 'We may therefore suppose that ¥, is
a form equivalent to f;, in which ¢,=pé}, A]=P0j}, and that «J, is a form equivalent to

% If
M=F(/B"—a"B, a'B—af", af'—a'B),
and if f is transformed into a binary form ¢ by the substitution
v=ax + By,
y=a'v+£7Y,
z=d'w+ By,

the representations of M by F, and of ¢ by f, are said to be simultaneous, or to appertain to one another (Gauss,
Disq. Arith. Axt, 280).
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f»» in which @,=p@2, Aj=POj. The fractional form

1 .
o [PX24 QY4 pQAZ*]
is then transformed into +J, by the substitution
4 Y v,
I
0, M B
NN 0,6,
1
0 5 0 ’ _@1

of which the determinant is. Pp, and into , by a similar substitution of the same deter-
minant. Either of the two forms «J, 1, (and consequently either of the two f;, f;) is
therefore transformable into the other, by a rational substitution prime to 2QA. It will
be found that if the signs of @,, @,, d,, 0, are properly determined, the primes P, p will
not appear in the denominators of these substitutions.

If £, and f, belong to an improperly primitive order, the preceding proof requires very
little modification. It will suffice to consider the case in which f; and f, are impro-
perly, F, and F, properly primitive. We take M,=M,=—Q, mod 4; ¢, and @, are
then improperly primitive and have compatible generic characters; let 2pd; be repre-
sented by @, and 2pé by ¢,; ®, and @, are properly primitive and of the determinants
—2Ap@2, —2Apd:; these forms have compatible generic characters (their supplementary
characters, in particular, being determined by those of F, and F,); let, then, P@} be
represented by ®, and PO2 by ®@,, and let us suppose that <J,, J, are forms equivalent
to f1, fi, in which a,=2p8}, A|=P0}, 0,=2pb}, A;=P®;; the fractional form

1 , 72
PP+ Q)X +{Q—P)XY +4(P+ Q) V*+pQOAZ]

is transformed into +, by the substitution

1@ VO AT, B0, B,
2 01 2 ®101 ) 2 @16,
—% ‘_’_1, _% bll®l--A’l" 1 b’1@1+B!
0, 8,4, 2770,
1
0, 0 , o

and into +J, by a similar substitution. The determinant of each of these substitutions
is Pp, and the denominators of their coefficients do not contain the prime 2, because
ol o, Al Al ©,, O, are all uneven, and because B,=0#!, mod 2, B,=#,, mod 2. Each
of the forms f,, f, is therefore transformable into the other by a rational substitution
prime to 2QA.

Art. 13. We have hitherto considered ternary forms of a negative determinant, defi-
nite or indefinite; we shall now confine our attention to definite forms, By a binary
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form we shall henceforward understand a positive form of negative determinant, by
a ternary form a positive and definite form; and we shall occupy ourselves in the
remainder of this memoir with the determination of the weight of a given genus or
order of such ternary forms.

A ternary form has always 1, 2, 4, 6, 8,12, or 24 positive automorphics, . e. automor-
phics of which the determinant is a positive unit. The weight of a form is the reci-
procal of the number of its positive automorphics; so that a form and its contravariant
have the same weight; the weight of a class is the weight of any form contained in the
class; the weight of a genus or of an order is the sum of the weights of the non-equi-
valent classes contained in the genus or order. When a number is represented by a
ternary form, the weight of the representation is the weight of the ternary form. The
weight of a binary form, or class, is also the reciproeal of the number of its positive
automorphics; thus the weight of a binary form is always §, except when the form
either is, or is derived from, a form of determinant —1, or an improperly primitive form
of determinant —3; in these excepted cases the weight of the binary form is } and §
respectively. 'When a binary form is represented by a ternary form, the weight of the

-vepresentation is the product of the weights of the two forms.

To determine the weight of a given genus of ternary forms, we avail ourselves of the
principles introduced into arithmetic by Gauss and DiricHLET, and employed by them
to determine the number of binary forms of any given determinant. Let (f, F) repre-
sent a given genus of ternary forms of the invariants [Q, A}, and either of the properly
primitive order, or of that improperly primitive order in which f* is improperly and F
properly primitive. Let fi, fi, ... or (f) denote a system of forms representing the
classes of the given genus; ¥,, F,, ... or (F), the primitive contravariants of those
forms. Let M represent any positive number, prime to 2QA and satisfying the generic
characters of F; when (f, F) is a properly primitive genus; Q being uneven, and A
uneven or unevenly even, we shall also suppose that M satisfies the congruence QM=1,
mod 4: the numbers designated by M will be subject to the restrictions here stated
throughout the whole investigation. Lastly, let L be a positive quantity which we shall
afterwards suppose to increase without limit; andlet T be the sum of the weights of the
representations by the forms (F) of all the numbers M which do not surpass L. The
quotient T + L# approximates to a finite limit, when L is increased without limit. Of
this limit, we shall obtain two distinct expressions, the one containing as a factor the
weight W of the genus (f, F), the other not containing that factor, and depending on
the arithmetical relation which subsists between the sum of the weights of the represen-
tations of a given number M by the forms (F), and the sum of the weights of the properly
ot improperly primitive binary classes of determinant —QM. A comparison of the two
expressions will then give the required weight of the genus ( 1 B).

Art. 14. The first determination of the limit of the quotient T +1# depends on the
following auxiliary propositions, in which F represents any form of the system (F).

(1) If 3 is an uneven prime dividing A, F acquires a value prime to o for 3%(8—1)
systems of values of @, y, 2, mod o,
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As, instead of £ and F, we may consider any forms equivalent to f and F, we may sup-
pose that fand F satisfy, for any assigned powers of the uneven primes dividing A4,
the congruences of Art. 5,

=a2’+LQy +yQAZ,
F=ByQAZ* +ayAy’+of32,

aBy=1.
The congruence F=0, mod 3, is then satisfied by ¢ systems of values of @, y, 2, mod 3;
for z must be divisible by 3, but # and y may have any values, mod &; F is therefore
prime to & for the remaining 3*(3—1) systems of values of 2, 7, z, mod .
(2) If » is an uneven prime dividing Q, but not A, F is prime to Q, for o(o—1)

(a;— (————f>) systems of values of &, y, 2, mod .

For if ¥=0, mod «,  may have any value, mod &, but y and z must have values satis-
fying the congruence yAy’+p2'=0, modw. If ( ) = —1, the only values of y and
2 that satisfy this congruence are y=0, 2=0, mod »; and the congruence F=0, mod a,
is satisfied by « systems of values of &, ¥, 2, mod o If < ABV) +1, the congruence

yAy*+B32°=0, mod », is satisfied by 2o—1 systems of values of y and z; in this case
therefore the congruence F=0, mod , admits of »(2s—1) solutions. And, observing

that (—iM) ( Aa) ’ ( Af) we find in both cases alike that I is prime to « for

w

w(w—-l)(w— (—_—‘?I)> systems of values of &, ¥, 2, mod a.

(3) It is evident from the congruence
‘ =Ax’+ A+ A", mod 2,
in which one at least of the numbers A, A’; A” is uneven, that F acquires an uneven
value for 4 out of the 8 systems of values, mod 2, which can be attributed to #, 7, 2.

(4) If QA is uneven, the number of solutions of the congruence QF=1, mod 4, is
8(2—Y).

For this congruence may be written in the form (art. 6)

a2’ 4By +y2°=1, mod 4,

a, 8, y representing uneven numbers which satisfy the congruence a-4B+y+41=0,
mod 4. Of the three numbers , y, z one must be uneven, the other two even. The
number of solutions in which & is uneven, y and z even, is 8 or 0, according as a=-1,
or=—1, mod4. The whole number of solutions is therefore

a—1 B—1 y—1
2+4[(-1) T +(-1) T (=17 ]
i. ¢. 24, or 8, according as the congruences e=B=y==1, mod 4, are, or are not satisfied ;
or again (Art. 6), according as ¥=—1, or ¥=+1. The congruence QF=1, mod 4,
admits therefore of 8(2—"¥) solutions. , "
MDCCCLXVIL. 2q
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(6) If Q is uneven, and A unevenly even, f as well as F being properly primitive,
there are 16 solutions of the congruence QF==1, mod 4; for this congruence may be
written in the form (Art. 6)

204”4+ 2By +y2*=1, mod 4.

Yor clearness, we shall henceforward represent by 7 any uneven prime dividing both
Q and A, by ® any uneven prime dividing A, but not Q; by » any uneven prime
dividing Q, but not A. Let §=2—"Y, if Q=A=1, mod 2; =2, if, fand F being
properly primitive, Q is uneven and A unevenly even; §=4 in every other case; also

let
V =A4Ilr x o X I,

UV)=gvr[1-;]m [1—;|n[1—]n[1- (=Y)1].

Jombining the lemmas (1)...(5) we obtain the theorem—
“The form F represents numbers of the series M for +} (V) of the V?*systems of values,
mod V, that can be attributed to x, ¥, 2.”
Let a;, y,, 2, represent one of these {,(V) systems of values; it is evident that I repre-
sents a number of the series M for every system of values of &, y, z included in the
formule

2=VX+ua,
y:VY-i-y,, e v e e 4 e e e e e (27)
2=VZ 4z,

in which X, Y, Z represent any integral numbers whatever. It is also evident that
there are as many systems of values of #, g, z included in the formule (27), for which F
acquires a value not surpassing L, as there are points having their rectangular coordi-
nates of the form

-_ -9
+L

—VY+y,

==

z——-VZ+zi

— 9
v L

and lying inside, or on the surface of, the ellipsoid,
Fl@,g,2)=1. . . . . . . . . . . (28

Let », be the number of these points, and let L be increased without limit; the limit

3.
of the fraction YL—;' is the volume of the ellipsoid (28), or A; 5 Extending this result
to all the Y(V) values of 7, we find
Sv__ 4 W) = .
1m£§=%~—3—A\/-ﬁ. L T (19)
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Let = be the sum of the weights of the representations of the numbers M which do not
surpass L by the form F, and let w be the weight of f or F, so that r=w3y,; the equa-
tion (29) becomes

.7 ¥( T

llmi‘é:%?—)mw, e e e 6 e e e e (30)

or considering in succession all the forms of (F), and observing that T=237, W=23uw,
T W 1 N/ 1 —Af1 |
lim =" x T (1) I (1-3)n(1—7)xm[1-(ZF)7], . . (31)

which is the first determination of the limit of the quotient

L

Art. 15. The second determination of the limit of the quotient T <-L# depends on the
following theorem :—

“The sum of the weights of the primitive representations by the forms (F) of a given
number M divisible by s unequal primes, is 2* times the weight of a genus of binary
forms, of determinant —QM, and properly or improperly primitive, according as the
forms (f') are properly or improperly primitive.”

The principles which give the demonstration of this theorem are contained in Arts.
280-284 of the ¢ Disquisitiones Arithmetice,” and have been in part already employed-in
Art. 10 of this memoir. We have shown in Art. 11 that one genus and only one of binary
forms of determinant —QM admits of primitive representation by the forms (f) of the
ternary genus (f, F). Let ¢,, ¢,,... or (¢) be a system of forms representing the classes
of that binary genus; these forms are properly or improperly primitive, according as the
forms (f') are properly or improperly primitive: let # be their number and » the sum

of their weights; as their weights are all equal, the weight of each of them is —2; so that

each has ? positive automorphics, and is transformed into any equivalent form by 7—:

positive substitutions. 'We shall first show that the sum of the weights of the primitive
representations of the forms (¢) by the forms (f') is equal to 2* X»; and secondly, that
the sum of the weights of the primitive representations of the numbers M by the forms
(F) is equal to the sum of the weights of the primitive representations of the forms (@)

by the forms (f).
(i) Each of the n congruences

—A¢=(Qr—Qy),mod M, . . . . . . . . . (32

in which Q, Q' are the numbers to be determined, is resoluble, and admits of 2* incon-
gruous solutions. From each such solution we deduce, by the method of Gauss employed
in Art. 10, a ternary form f” of the given genus, containing one of the forms (¢) as a part,
and having Q, Q, M for the coefficients of 2yz, 222, 2* in its primitive contravariant.
There are 2*Xn of these forms (f'); none of them is the same as any other, and none
of them can be transformed into any other by a substitution of the type

2q2
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1, 0, #
0,1, = N G 1)
0, 0, 1; '

for if one of  them could be so transformed into another, these two would contain as a
part the same form @, and the values of Q, Q' in the primitive contravariant of the one
would be congruous, for the modulus M, to the values of Q, Q' in the primitive contra-
variant of the other; the two forms would thus be derived from the same solution of the
same congruence (32). Again, the primitive representations of the forms (¢) by the
forms (f) are equal in number to the positive transformations of the forms (f) into the
forms (f'). For every positive transformation of a form of (f) into a form of (f')
supplies a primitive representation of some form of (¢) by that form of ( f); .and these
representations are all different, because the same form fcannot be transformed into two
of the forms (f"), or twice into one of them, by positive substitutions of which the first
two columns are the same; otherwise one of the forms (f*) could be transformed into
another by a substitution of the type (83), or else one of those forms would have an
automorphic of that type, whereas no substitution of the type (83), in which x and '
are different from zero, can be an automorphic of any ternary form. There are therefore
at-least as many different primitive representations of the forms (@) by the forms (f), as
there are positive transformations of the forms () into the forms (f'). And there are
no more; for if

@, 3

al’ BI

“N ﬁ"
9

is a given primitive representation of ¢ by f; let ¥, 9/, 9’ be numbers which render the
determinant of the substitution

@, B, 7 .

d, B, N 6T

o'y B o .
equal to 4-1; and let f; be the form, containing ¢ as a part, into which £ is transformed
by the substitution (34). The coefficient of 2* in the primitive contravariant of f; is
M, and if the coefficients of 2yz, 22z in that contravariant are Q,, Q, these numbers
supply a solution of the congruence (32). Let ' be that form of (/') which is deduced
from this solution; then f, is equivalent to f”, and is transformed into it by a substitution

/
of the type (33), in which 75:9_11\; Q, z’=gl—l\f/[——@. Therefore f'is transformed into £/ by

the substitution
@, B,y +xe +x3
wl, ﬁ’, 7/+%le+zﬁl "
“II, BII’ y'_i_xla'l_i_z N’
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4. e. the given primitive representation of ¢ by f is included among those supplied by the
ppositive transformations of the forms (/') into the forms (f’). Thus the number of the
primitive representations of the forms (¢) by the forms (') is equal to the number of
the positive transformations of the forms (f') into the forms (f"): to obtain the sum of
the weights of these representations, we consider, in particular, ' one of the forms of (f);

let d be the number of its positive automorphics, so that Ell is its weight, and let s be the
number of the forms (') which are equivalent to it. Then there are ds primitive repre-
. . ) 3 . . .1 v,
sentations of the forms (@) by f; but the weight of each of these representations is X0
the sum of the weights of the primitive representations of the forms (¢) by f is therefore
sx%. Extending this conclusion to all the forms of ('), and obéerving that 3s is equal

to the number of the forms (f'), . e. to 2* X n, we find that the sum of the weights of
the primitive representations of the forms (¢) by the forms (f) is 2* X .
(ii) Let M=F(T', I, I'") be a given primitive representation of M by F; and let

@, 3 ‘
L N €130
“ll, ﬁll
be a matrix, of which the constituents satisfy the equaﬁons
“IBII__“I/BI=I‘, “IIB__“ﬁII:I‘I’ “BI__MIB___I‘II. . . . ) (36)

All the matrices, of which the constituents satisfy these equations, are then included in
the formula _
@, 3

8 x|l .. . . . .. ... (3T
“II K.';” Lo .

in which |v|is a square binary matrix of which the determinant is 41. Thus the
binary forms, which are represented by f simultaneously with the given representation
of M by F, are all equivalent to one another, and to some form of (¢); let ¢ be that
form of (@) to which they are equivalent, and let us suppose (as we may do) that f'is
transformed into @ by the substitution (35). Substituting successively for |»| in the for-

mula (37), the 7—3 positive automorphics of ¢, we obtain%z‘ representations of ¢ by f:

these representations are all different, and they include every representation of ¢ by f'
which is simultaneous with' the given representation of M by F: the weight of each of

them is lex%; the sum of their weights is therefore equal to %, or to the weight of the

given representation of M by F. Hence the sum of the weights of all the primitive
representations of M by the forms (F) is equal to the sum of the weights of the simul-
taneous representations of the forms (¢) by the forms ('), or, which is the same thing,
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to the sum of the weights of all the primitive representations of the forms (@) by the
forms (f'); because every primitive representation of a form (@) bya form (f) is simul-
taneous with one and only one primitive representation of M by a form (F).

Combining the conclusions (i) and (ii), we obtain the result enunciated at the beginning
of this article.

Art. 16. Let ¢ represent the number of uneven primes dividing 2, counting those
which also divide A ; letd/=—1, when QM=—1, mod 4*; /=41, when Q=0, mod 8;
and o/=01n all other cases. Letalso 2(QM) and #(Q2M) be the weights of the properly
and improperly primitive orders of binary forms of determinant —QM; then 2*Xv»

!
Jéﬁl‘ﬁ), or hQ(ﬁlll), according as the forms () are properly or improperly primitive.

If A2 is any square divisor of M, the sum of the weights of those representations of M

by the forms (F), which are derived from primitive representations of % by the same

h(%ﬂM_) h'(g—];{
A A
or

Qo +a’ ? Qo+a’

Therefore the sum of the weights of all the representa-

sa(2)  xa(2
Srrer s O = the signs of summation extend-

forms, is

tions of M by the forms (F) is

ing to every square divisor of M. Or, if we represent by H(QM) the sum of the weights
of those uneven binary classes of determinant —QM which are prime to £, and by
H'(QM) the sum of the weights of those even classes of determinant — QM which are
prime to 2, the sum of the weights of all the representations of M by the forms (F) is

H(OM) H'(QM

2a+tr’ 9 20‘+cr' ’

according as the forms (f') are properly or improperly primitive.
Art. 17. We now consider the sums
S[az—y=0M], . . . . . . . . . . (38)
Jaz—y=0M]. . . . . . . . . . . (39)

In both the sign of summation extends to every solution in integral numbers of the
equation
xz—y*=OM,
in which the greatest common divisor of #, 7, 2 is prime to {2, and in which z, y, z satisfy
the inequalities
x>0, 920, 2>0,)

e . 40
r>2y=z, w;zf (40)

But, in the first sum, one at least of the two numbers & and z is uneven; in the second,
x and 2z are even, and y is uneven. The symbol [#z—3’=QM]is 1, or 4, or 1, or &,

* Tf this congruence is satisfied by any one number of the series M, it is satisfied by every number of that
series.
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according as the inequalities (40) are satisfied, excluding all signs of equality, or
admitting one, or two, or three such signs. Again, representing by (2y) the absolute
value of 2y, we observe that a reduced binary form is a form (, g, z) of which the coef-
ficients satisfy the inequalities,

(1) z>0, 2>0,)
rZ(2y)=% «==2
(i) If e=(2y), y>0,
If =z, y=0.

(41)

and that, by a fundamental proposition in the theory of binary forms, every class con-
tains one and only one reduced form. Attending only to those uneven classes of deter-
minant — QM which are prime to 2, and comparing the inequalities (40) and (41), we
find that the sum (38) contains (i) an unit corresponding to every pair of reduced forms
(%, g, 2), (¥, —y, 2) of which the coefficients satisfy none of the equalities y=0, 2=2y,
#=z; (ii) one-half of an unit corresponding to every reduced form of which the coeffi-
cients satisfy one of them; and (iii) one-fourth of an unit corresponding to a reduced
form (if there be such a form of determinant —QM prime to Q) of which the coeffi-
cients satisfy the two equalities, y=0, #=z, and of which the weight is consequently L.
We thus obtain the equation
H(QOM)=2[rz—y’=QM].

Again, attending only to those even classes of the uneven determinant — QM which are
prime to {2, we find that the sum (39) contains units corresponding to pairs of reduced
forms, and half units corresponding to single reduced forms; it also contains one-sixth
of an unit corresponding to a reduced form (if there be such a reduced form of determi-
nant — QM prime to Q) of which the coefficients satisfy the three equalities =2y, 2y =2,
#=2, and of which the weight is consequently §. We therefore have the equation

H'(QOM)=3"az—y*=QM].
Art. 18. According as the forms (') are properly or improperly primitive, let
T=3.3[2z—y’=0OM],
or
T=3.3[ws—y’=0M],
the first sign of summation extending to all values of M not surpassing Li; so that, in

both cases alike,
T

T=5=-

To determine the limit of the quotient I%’ when L is increased without limit, we shall

again employ the geometric method of Gauss. For its application here the following
preliminary lemmas are requisite, relating to the arithmetical properties of the function
xz—1"
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(1) If p is any uneven prime, and m any given number, the congruence

o rz—y’=m,modp, . . . . . . . . . . . (42)
admits of p [p-l- (:p_m):l solutions.

For if (——m) =1, >+ m is prime to p for p—2 values of y, and is divisible by p for

2 values of . 'When »°+m is prime to p, we may assign to z any value prime to p,
determining & by the congruence xz=y’+m; we thus obtain (p—1)(p—2) solutions
of (42). 'When »°+m is divisible by p, the congruence xz=0, mod p, admits of 2p—1
solutions; we thus obtain in all (p—1)(p—2)+42(2p—1)=p(p+1) solutions of (42).

If <_ > —1,y’+m is prlme to p for every value of y; there are thus p(p—])
solutions of (42).

Lastly, if ( ) =0, ¢. e. if m=0, mod p, y*+m is prime to p for p—1 values of 7,

and divisible by p for one value of y. There are thus (p—1)*42p—1=p* solutions
of (42).

We shall have to use the following corollary of this lemma,

If m is prime to p, and if we successively attribute to &, g, z the p® systems of values,
mod p, of which they are susceptible, #z—3* will have the same quadratic character as

m for p( p—-l)]‘p-l- (-;Tm>:l of these systems.
L :

(2) The congruences 2z—3*=1, 3, 5, 7, mod 8, each admit 48 solutions in which &
and z are not simultaneously even; of the congruences, #z—y*=3, =7, mod 8, the first
admits 16, the second 48 solutions in which # and z are simultaneously even.

For example, let the proposed congruence be 2z—y*=3, mod 8. If % has one of its
four even values, mod 8, we may give to z any one of its four uneven values, mod 8, and
determine the value of & in the resulting congruence; we thus obtain 4 X 4 solutions in
which # and z are uneven. If y has one of its four uneven values, mod 8, the con-
gruence becomes 2z=4, mod 8, which admits of 8 solutions in which 2 and z are not
simultaneously even, and 4 in which they are simultaneously even. There are thus
(4% 4)4(4 x 8)=48 solutions of the congruence #z—4*=3, mod 8, in which & and z
are not simultaneously even, and 4 X 4=16 in which & and z are simultaneously even.

(3) If p is any prime, even or uneven, ¢and ¢’ integral exponents, of which ¢> 0, ¢ >0,
and m any given number, prime to p, or divisible by any power of p, the congruence

zz—y’=mp’, mod p"*¥ . . . . . . . . . . (43)
admits of p*** (1 —ﬁg) primitive solutions, 4. ¢ .solutions in which #, g, 2, or, which is

the same thing, &, z are not simultaneously divisible by p.
(1) If the assertion is true for 4, ¢, and if j<¢, it is true for §45,7'—j. For, on writing
mp’ for m in (43), it becomes

22— yzzmpiﬁ’ mod p@E+E= ;
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if therefore the former congruence admits

. 1
2i+2 1 __ — 2N 2= T —
P (1 ) =P ]<1 p)

primitive solutions, the latter does so too.
(ii) If the assertion is true for 4, 0, it is also true for 4, ¢, Where =
Forif @, 9, 2 is a given pr1m1t1ve solution of

rz—y'=mp’, modp, . . . . . . . . . . (44)

Xp'+a, Yp 4y, Zp'+2z is a primitive solution of (43), whenever X, Y, Z satisfy the
congruence

.._yg o
—=m, mod p".

This congruence admits of p* solutions; for the given numbers # and z are not simul-
taneously divisible by p. Thus from each primitive solution of (44)we obtain p* primi-
tive solutions of (43). These solutions are all different, and exhaust all the solutions of

(43); if therefore (44) admits of p* <1 -—-plg) solutions, (43) admits of ]02“”'(1 —;2) solu-
tions. ,

(iii) The assertion is true if ¢=1, ¢=0. TFor (lemma 1) there are p* solutions of the
congruence £z—y*=0, mod p, and of these one is not primitive.

The proposition is, therefore, true universally. 'We shall have to employ the follow-
ing corollaries from it.

(1) The function #z—y* is divisible by p’, but not by p'*', for p*( p—1)*(p+1) systems
of values of #, 7,2, mod p'*'; the values of @, y, z not being simultaneously divisible by p.

(2) If p is an uneven prime, the quotients obtained by dividing these p*(p—1)*(p-+1)
values of 2z—? by p', are half quadratic residues, and half non-quadratic residues of p.

(3) If p=2, the function #z—y? is divisible by 2%, but not by 2**', for 3 X 2**° systems
of values of @, 7, 2z, mod 2%, the values of #, %, z not being simultaneously even. And
if these 3 X 2%*% values of wz—4” be divided by 2¢, one-fourth part of the quotients is
contained in each of the linear forms 8%-+-1, 3, 5, 7.

Art. 19, Let V=8 x IIr x [Iw x [I3, and let us successively attribute to «,, z in the
function 2z—#* the V?® systems of values, mod V, of which they are susceptible; let
¢(V) represent the number of those systems, in which the greatest common divisor of
2, ¥, # is prime to V, and which give to #z—9* a value divisible by {2, and such that the

. z—y? . . p o
uotient =~ is a number of the series M ; if the forms (f) are properl rimitive, &
q O properly p

and z are not to be simultaneously even; if those forms are improperly primitive, # and
z are to be simultaneously even. We shall now show that ¢(V) is determined by the
equation

A(V)=xrx VX g XTI (1= ) X 11(1 =) xT1(1—7)

><H-;-<1-7,19> ><H<1-£—9> [ 1+ (=57 5) J

MDCCCLXVIL 2R

(43)
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n being a coefficient of which the value is 1, 4, %, &, or %%, as shown in the following
Table.

@ ( 7) propelly prlmltlve

Q=1, mod 2. | Q=2, mod 4. Q——4 mod 8. | =0, mod 8.~
a=tmoaz | 3 | r ey
A=2,mod 4. 3 1 1 1
A=4, mod 8. 3 3 1 1
. A=0, mod 8. . 1 + 1 1

(i) (f) improperly primitive.

’ A=2, mod 4.

oo

! A=0,modd. | fl24+(=1)F 5]

To establish the equation (45), we consider separately the different primes dividing V.
And first let us take an uneven prime 9, dividing A but not Q. Of the 9° systems of
values. of @, 9, 2, mod 9,

e (1=3) A [ (Z22) 1] pems

give to #z—y* a value prime to J, and satisfying the equation (Lemmd i, Cor.)

zz—y*\ _ (OF

Secondly, let us consider an uneven prime » dividing Q but not A ; and let «* be the
highest power of » dividing Q. Of the »**° systems of values of @, ¢, z, mod &'*",

S | 1 1 ‘
»w3t+s><;i‘x (1"&§> X <1—;2> systems,

in which @, y, z are not s1multaneously divisible by w, render xz-—y2 divisible by «, and

also render the quotlent prlme to » (Lemma iii. Cor. 1).

Thirdly, let us con31der an uneven prime ¢ dividing both A and Q, and let #* be the
highest power of » dividing Q. Of the r*** systems of values of #, #, 2, mod r***,

. 1 1 - 1
W”X;X (1-;> X%(l-—p> systems,
in which @, y, z are not simultaneously divisible by #», render az—#* divisible by

* Tt will be seen that 49 in the Table (i), is in every case the number of the linear forms 8k+1, 8, 5, 7, in
which the numbers M are contained.
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zz—y?
o

7i, but not by #*’, and also render the quotients all quadratic residues, or all non-

quadratic residues of 7 (Lemma iii. Cor. 2.).

Lastly, let us consider the even prime 2, and let 2 be the highest power of 2 dividing Q.
Considering separately the eighteen cases of the Tables (i) and (ii), we find that of the
2°+9 gystems of values of «, 7, 2, mod 23, '

. 1
XX 29K 55 systems
(in which &, g, z are not simultaneously even, but 2 and z are or are not simultaneously

xz—y?
20

even, according as the forms (f') are improperly or properly primitive) give to

an integral and uneven value, satisfying; the supplementary character (if any) of;—)i F,

and, if the forms (f) are properly primitive, satisfying the congruence #z—y*=1, mod 4,
when  is uneven, and A uneven-or unevenly even.

For example, let ¢=1, A=0, mod 8. Here F, or 5 F, has two supplementary
characters, and of the 2%*9 gystems of values of '.9:, 9, 2, mod 2+3,
) 1
X I X270 57 systems,

xz—1y?
91

in which # and z are not simultaneously even, give to an integral and uneven

value, satisfying the supplementary characters of g; F (Lemma iii. Cor. 3).
Again, let ¢=2, A=1, mod 2. Here F has or has not a supplementary character,
Af+ . .
according as (-—1)_2—1: —1,or=+1. In the former case, of the 2**9 systems of values
of a, y, 2z, mod 23,

- 1 i
B X X 2% 2 Systems

Y

. . . . xz—y? .
(in which # and z are not simultaneously even) give to —5r . an integral and uneven
‘ 0]

value satisfying the supplementary character of 5 b ‘In the latter case, of the same
2%+9 gystems of values, _

S X1 x 2% % él—z systems,
: 2

22—
2i

in which # and 2z are not simultaneously even, give to an integral and uneven value,

Both ‘re‘sults‘ are comprised in the formula
3. 1 r I}Iil-: 349 1
§XT3H(—1) 2 X2 X 5
As a third example, let i=0, A=0, mod 4, and let the forms considered be of an im-

properly primitive order. Then QF=3, mod 4; and either QF=3, mod 8, or QF="7,
" 2Rr2
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mod 8. The congruence 2z—3*=QF, mod 8, in which only even values of & and z are
to be admitted, is satisfied in the former case by 16, in the latter by 48 systems; <. e. in

either case by
F?

83| 24(=1) 7 5 | x 20 systems.
The formula (45) results immediately from the combination of these determinations
relative to the primes 9, w, 7, and 2.

Art. 20. Let @, 4, 2; be one of the ¢(V) systems of values of #, %, z, mod V, defined
in the last article; and let us decompose the sum Y of art. 18 into ¢(V) partial sums
Y., Y, ..., comprising in the sum Y, all those terms of Y in which #, y, z are of the
linear forms

2=VX+uz,
2=V7+z,

X, Y, Z denoting any integral numbers whatever. The sum Y; is equal to the number
of points having their positive rectangular coordinates of the forms

_VX+a
vOL’
=VY+y:
vaL’
VZ+4
vOL’
and lying within the hyperboloidal cuneus, bounded by the planes y=0, r=z, =2y,
and the hyperboloid #z—y*=1; points lying on the hyperboloidal boundary are counted
as lying within the cuneus; points lying on its plane boundaries are counted as % each,
and points lying on the intersection of y=0 with #=4¢, and with 2= 2y respectively as
L and §. Let V be the volume of the cuneus, and let L be increased without limit; we

have

lim - 'Q:Qa V

and since this limit is thus ascertained to be the same for all the partial sums Y,, Y, ..,

lim —::Qz <V) ><V

or, which is the same thing,

X Q% (V)xV

I T
im 2”0,

The value of V may be determined by dividing the cuneus into laminz parallel to the
plane of 2z; if A be the area of a section at a distance y from that plane, we find

A=(14+y)[31og (1+7°) — log 2y]—4(1—3y");
whence

o
V:j“A@:’g’................(46)
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Substituting for éV)

find

and for V their values, given by the equations (45) and (46), we

hm:‘ o X 2,,><\/Q><H<1——)><H(1-—>><H(l )] (40
«IL} (1_ )XH1<1 )an[l_l_(__ﬂ_l‘ [a- ...

J
. .. . T
which is the second determination of the limit of the quotient 7

o e . . 1
Finally, equating the two values of this limit, and denoting the coeflicient épx% by

1%, we obtain the following determination of the weight of the proposed genus,
OF
WA xrx i (1—5) xm [14+ (57) ] xm 14+ (557 )3 - - (49)

the values of & (which are computed from those of ¢, 7, 0) being as follows :—

(A)—(f) and (F) properly primitive.

Q=1,mod 2. Q=2 modd.| Q=4 mod8. | Q=0,mod8
) Af+1 ﬁ-_}-}
A=1,mod 2. | }[2+¥] SR RER R S CR VN
A=2, mod 4. 3 1 1 1
QF+1
A=4, mod 8. | 3 34+(=1)" | 1 1 1
A=0, mod 8. |5 34H(—1) 2 | L 3 L

(B).—(f) improperly, (F) properly primitive.
Q=1,mod 2; QF=3, mod 4.

A=2, mod 4.

COJt

|

A=0, mod 4. Ao (=1 ] ‘

(C).—(f) properly, (F) improperly primitive.
A=1, mod 2; Af=3, mod 4.

Q=2, mod 4. %

l— AH 17
Q=0,mod4. | . 5 24(— 1) |
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The last of these Tables is obtained by reciprocation from the second.

The result in the case Q=A==1, mod 2, is given in the memoir of EisensrrIn (Cr elle
vol. xxxv. p. 128).

Art. 21. The equation (47) may also be deduced from the theorem of Art. 15 by another
method.  We consider first and principally the case in which the forms (f) and (¥) are
both properly primitive.

From Art. 16 we obtain the equation

: 1 ML |
T=grok, sz( )
, J
the interior sign of summatlon exteudmOP to every square divisor of M. Inverting the

order of the summations, and designating by m any number prime to ‘?QA we may
write this equation in the form

L
1 mSA/L M’m’
T=20.+(',.r 2 -/ ]l(QM).
T om=1 M21

But, by a theorem of LEJEUNE DiRICHLET,
HOM)=1 /OM 3 ( QM—) L

the sign of summation extending to all uneven numbers prime to QM. The limit of

I.li is therefore the limit of the expression

e

1 4/(2 mEY
20+¢"? L— E

”V M ”A

S ()

or, leaving the summation with respect to n to be effected last, of the expression

L
M2

1 VAT T (—OMY
§ —z<n>¢M........(49)

I
25+0 T n=1Tm=1 L‘M 1

In this expression # is uneven and prime to Q; but » is not necessarily prime to A.
Let n=mnn,, ] denoting the greatest square dividing #, so that =, is a product of unequal
primes ; also let » represent any prime dividing #, other than one of the primes 8; and
let » represent %, %, or 1, according as the numbers M are contained in one, two, or
all four of the linear forms 8%-1, 3, 6, 7; so that # has the same value as in Art. 19.
The limit of the sum

1M5L<->\/M.;;,.,..,(50)

L& M21
is zero, or

§><< : )xn<1—~>xn (1-_ )xH‘(l— )xH(l—- )x-—g, . (51)

according as n, does or does not contain any primes otherv_than the primes 8. For, in
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the sum (50), it is only necessary to consider those numbers M which are are prime ton;
because (*—4) =0, if M is not prime to »; and if
V =811w x ITr x I8 x Iy,
;ﬂwsvxaxnﬁ—)xn%L->xH(L%yxno_ﬂ,

the sum (50) contains (V) numbers M inferior to V; let these be represented by
Xy Ly - .. &;; then all the numbers M, which enter into that sum, are contained in the

%(V)linear forms 2V +«;; and the sum (50) may be decomposed into (V) partial sums,
of which the sum

(G v

3 >< X 3)( ( - ’
m 2 h )

so that the limit of the sum (50) is
1 Qx;
%x\;xmaz( )

.. . . -0
If n, is divisible by any prime other than the prlmes 9, the symbols < .
]

x) are one half

equal to 41, and one half equal to —1; in this case, therefore, the limit of the
sum (50) is zero. But if m, contain no prime other than the primes 3, the symbols

<_3x’> are all equal to one another and to (%;QF) ; and the limit of the sum (50) is
2 .

| () —QF

3 XX m3 X ( Ny ) ’
in accordance with the formula (51’). “Substituting in the expression (49) for the sum
(90) its limiting value, we find

MnE~biwx xgxI(1—; )xfﬂ(l—-)X“‘CL-Q[

oY B &
_HO—»]

posed of unequal primes 3, and to all values of », prime to 2Q; v is any prime divisor
of n,, other than one of the primes 3. Thus the two summations are independent, and

s (-2 2000 a2

2 n
g nn, 2

(52)

the 'summationvs extend to all values of 7y com-

" In the sum 22‘f<
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But _
(S )a=n ()1
and

(s 5 LR R ra 1,1
2,_.4%_”.) H(l—-:lXH[H-m+71+_$;+.lzntl_%}xnwvjﬂ,

A 1 1 1
, 1—p  l—= 14—,
m=1 Y v
so that the product
1
Hii—-
1 /—QF v>
2% 22 (5 )”7;§;““L2
is equal to
OT\1 1 1
[ (22 et L
=5
or to
w2 1 1 —0OF\1
g1,1[1--w-9]><n[1_p]><n[1+<—3—)§], . (59)
because
n—. -1t m—

is equal to the sum of the squares of the reciprocals of the uneven numbers, that is to %:2.
Substituting for the product (52) its equivalent (53) in the equation (51), we obtain the
formula (47).

If the forms (f) are improperly primitive, we have to employ the equation

w@M=} 2+ (-1 YO (=00,

and the proofis the same as in the former case. Only, if A=2, mod 4, it is convenient,
-1 I\V

on account of the factor 2+ (— 1) GRS , separately to determine the limit T + L* for
the numbers M which satisfy the congruences M=30Q, M= 79 mod 8; and then to
add the results.

Axt. 22. The weight of an order (Art. 18) is the sum of the weights of the genera
contained in the order. The determination of this sum may in every case be effected
by means of the formulee
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ns{mf- e[ (520 e o (2]

L
=II 1-}2)»
sl () )+ () e ()1
=0, or =—(_Ti\()§§_ﬁ+l><wm;l><ﬁm;l XH(I_;IQ),

according as A, is or is not divisible by any of the primes 7; 7. e. according as Q,4, is
not, or is prime to the greatest common divisor of Q and A. In the expressions of R and
R’ the signs of summation extend to every combination of the equations

(é):—{-l,or —1; (§>:+1,0r—1; <£)=+1,0r —-1; (—g—‘)z—{-l,or -1;

¢ e. the value of the continued product is to be determined on each of these suppositions,
and the sum of these values is to be taken. From this definition it is evident that in
the sum R, we may substitute for any factor of the form

()]

31 (5)3)
%{LH_( —a j{+|1 ( wA w}} N 1))
é{[l_l_(:g)%]-{-[l—(—a—ﬂ)%]} T (15)

outside the sign of summation. And similarly for any factor ;}(1 - 7—@> we may substitute
‘the factor ‘

or
a factor of the form

or

.
1=5

outside the sign of summation. Observing that the factors (54) and (55) are all positive
units, we obtain immediately
R=I1(1—%)-

Again, if a prime 7 divide Q, or A,,.the sum R’ vanishes, being composed of pairs of
terms equal in absolute magnitude and opposite in sign; if, for example, » divide Q,,

!

the two terms in one of which (?

o

>, contained in <!)::>, is +1, and in the other —1,

but which are in other respects identical, will destroy one another. But if none of the
primes r divide Q, or A,, we replace those factors of the general term of R/, which
MDCCELXVII. 28
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contain primes not dividing Q, and A,, by factors placed outside the sign of summation;
we thus find

Ren(i-B){m{ () +(2) [+ ()]

where only ‘pfimes o, which divide Q, and primes 8, which divide A, occur after the sign
of summation. We then substitute for each factor containing w, or 8, a factor of the

(221 () 20122
i+ ([ () - (30

outside the sign of summation; and observing that by the law of reciprocity
—A\ [(—Q PPtk R vl
<‘§1‘>‘<A—l>_—( 1)* 7 Xa s XB

: >Ql+l A+l
s e
R_ Q]_Al X“ 8 XB 8 XH 1 _>

form

or

we find

As an example of the application of these formulae, let us consider the properly primi-
tive order in the case in Which A=1, mod 2, Q=4, mod 8. We may determine sepa-

) Af+1
rately the weights of those genera for which ( —1)T+=—1, and of those for which

Af+1
(_1)“2i‘= +1. 1In a genus of the former kind the characters

O @ Q6 o

may have any assigued values because the condition of possibility is

— 1fpﬂ< 1)(E)=f

. . OA A
Therefore the sum of the Welghts of these genera is — X&XR, or 55X R, because

{ =% DButina gehus of the latter kind the characters (56), or some of them, are

(i)( ) (=) LT

subject to the condition
we have therefore to consider a sum of which the general term is the same as that of R,

but into which only those terms are admitted which are formed with values of ({—) and
1,

(?) satisfying the condition ,(57 ). This sum is expressed by the formula
1

HR+(-1)™ RS
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so that the sum of the Weights of the genera of the latter kind is
*Tg R/ .

nl+1 A1 )

6 Texix (R (-1

Addiﬁg the two sums together, and substituting for R and R’ their values, we find for
the weight of the proposed order the expression

QA 1 QA 1 1
(1) o 2o als)n 1)

according as Q,A, is not or is prime to the greatest common divisor of Q and A.
If, in general, we represent the weight of any proposed order of the invariants [Q, A]
by the expression

QA 1
‘s—><Z><H<1'79>1
the following Table (with which we shall conclude this memoir) will assign the value

of the coefficient Z, and will thus serve to ascertain the weight of the order*. The
determinations contained in it have been obtained by the method just described; a is

1 . . . . ..
g or 0, according as Q,A, is or is not prime to the greatest common divisor of O
1= !

and A; I, I, are the exponents of the highest powers of 2 dividing Q and A respec-
tively.
‘ (A)—(f) and (F) properly primitive.

I,=0. I, even. I, uneven.
=0, ye—n | 1@-n }
I, even. 1(2—2) 1(2—-2) 1
I, uneven. 3 1 1

(B).—(f) improperly, (F) properly primitive.

I,=0, I,>0.
I, even. 15 (2—21)
I, uneven. & (1—=2)

* For the case of uneven invariants, the result has been given by Ersenstuin (Crelle, vol. xxxv. p. 123);
there is, however, a slight discrepancy. According to Eismnstriv, A is not zero, when the greatest common
divisor of A and Q1is a square ; according to the definition in the text, A is always zero, except when the expo-
nent of every uneven prime common to A and Q is even both in A and Q. For the invariants ( p? p?) the

weight assigned by the formula of ErsenstrIN is 220 2= )(1 ~) p denoting an uneven prime; a result
which can hardly be right, because the weight of each genus separately is ==0, mod P
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(C).—(f) properly, (F) improperly primitive.

1,=0,I,>0.

I, even. 15 (2—1)

I, uneven. & (1=n)




TABLE II.

A.—f and F properly primitive.

OF COMPLETE GENERIC CHARACTERS,

[To face page 266,

B.—f improperly, F properly primitive,

|:—1].E=—[—1}£=_'.; 2==1, moed 2.
Q=00 =1, mod 2.
CUE (0, (B
A,=0, mod 2. (i) G) g
A =24,A% : f . (&
A=, mod 2. (ﬂ{) (;il) ( i) :-;21
A —24,A: Iy (F ite
A,=0, mod 2. (“J ’ (3') I éﬂ)ﬁ (::)
r'=2

C.—f properly, ¥ 1mpmpnﬂ}' primitive.
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